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ABSTRACT

Non-parametric models are such that the model structure is not specified a priori, but is instead determined from data.
The term “non-parametric” is not meant to imply that such models completely lack parameters; rather, the number
and nature of the parameters is flexible and not fixed in advance. Non-parametric models are therefore also called
“distribution free”. Rather than quoting means and their confidence intervals, with non-parametric data, it may be
considered more appropriate to present the median with confidence intervals.

This paper examines two techniques for calculating confidence intervals about the median — a simple (binomial)
approximate method, and a more complex (signed rank) method, both using SAS®.

INTRODUCTION

Parametric inferential statistical methods are mathematical procedures for hypothesis testing which assume that the
distributions of the variables being assessed belong to know parameterised families of probability distributions. While
parametric techniques are robust — that is, they often retain considerable power to detect differences or similarities
even when these assumptions are violated — some distributions violate the assumptions so markedly that a non-
parametric alternative is more likely to detect a difference or similarity.

Non-parametric models differ from parametric models in that the model structure is not specified a priori, but is
instead determined from data. The term “non-parametric” is not meant to imply that such models completely lack
parameters; rather, the number and nature of the parameters is flexible and not fixed in advance. Non-parametric
models are therefore also called “distribution free”.

Researchers sometimes quote means and their confidence intervals in situations where a median with confidence
interval would be more appropriate (e.g. when outliers have a biasing effect on the mean but there is insufficient
evidence to exclude them from the analysis, or — in this case — with non-parametric data).

This paper examines two techniques for calculating confidence intervals about the median — a simple (binomial)
approximate method, and a more complex (signed rank) method, applying techniques derived from non-parametric
methods of analysis, using SAS® to expedite the process

METHODOLOGY

WHAT IS A CONFIDENCE INTERVAL?

A confidence interval (Cl) is an interval between two numbers with an associated probability p which is generated
from a random sample of an underlying population, such that if the sampling was repeated numerous times and the
confidence interval recalculated from each sample according to the same method, a proportion p of the confidence
intervals would contain the parameter in question. Confidence intervals are the most prevalent form of interval
estimation.

When data follows a specific distribution (i.e. the data are parametric), then a confidence interval is usually presented

about the mean of the data as follows:
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where uis the population mean. This is used generally for large sample (n>30) calculations; for smaller populations,
the Z-statistic is replaced by the more robust t-statistic.
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THE BINOMIAL APPROACH

This method is the simplest to perform and can provide a good approximation if the n is large enough. We can
estimate confidence intervals for these using the Binomial distribution. The 95% confidence interval for the 50th
quantile (i.e. the median) can be found by an application of the Binomial distribution (Conover 1980).

The number of observations less than a given quantile Q will be an observation from a Binomial distribution with
parameters N and Q, with mean NQ and standard deviation V(NQ(1-Q)). Taking the median as the 50" quantile, we
can assume the “mean’ in this case to be the 0.5N"™ observation and — applying the equation given above — the upper
(UCL) and lower (LCL) confidence limits can be given as:

LcL = NQ - Z1 V(NQ(1 - Q))
= 0.5N — Z;. V(0.25N)
ucL = NQ + Z14 V(NQ(1 - Q))

0.5N + Z44 V(0.25N)

We round the values for the lower confidence limit (LCL) and upper confidence limit (LCL) up to the next integer.
Then the 95% confidence interval is between these two “limits” in the ordered data.

EXAMPLE (1):

SUBJECT 1 2 3 4 5 6 7 8 9 10
PRE-DOSE 19 11 14 17 23 11 15 19 11
POST-DOSE 22 18 17 19 22 12 14 11 19 7
DIFF -3 -7 -3 -2 +1 -1 +1 +8 -8 +1

o]

Ranking the data differences gives us the following list:
-8, -7, -3, -3, -2, -1, +1, +1, +1, +8

As we have an even number of observations, our median is the midpoint of the two mid observations
i.e.-1.5
Our confidence interval is:

0.5N + Z;_ V(0.25N) = 5+3.099
Therefore, we take the 1% (5-4) and o (5+4) observations as our confidence interval as (-8, 1).

The limitations of the Binomial method are that it is only really effective with large sample sizes — as with the example
above, the small n shows a Cl that encompasses all bar one data point. Its strength lies in the fact that it can be
applied to any quantile (or proportion) within a sample.

THE SIGNED RANK SUM APPROACH

This method is slightly more complex in that it involves further knowledge of statistical theory; the Wilcoxon Signed
Rank Sum Test.

Here, observations are put in ascending order of magnitude (ignoring the sign) and given ranks of 1 to n’ (zero values
are ignored). Let T, be the sum of the ranks of the positive values and T. be the sum of the ranks of the negative
values. We then consider, as the null hypothesis, that T, and T. will not differ greatly; the sum of T, and T. is
en’(n’+1) so an appropriate test would consist of evaluating the probability of a value of T. greater than or equal to
the observed value. For large values of n’ (n’ > 30), the values of T, and T. are approximately normally distributed as
follows:

- N{O n'(n'+1)(2n'+l)}
’ 24
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with a standardised normal deviate (with continuity correction) as follows:

Supposing that the differences as detailed in Example (1) above are distributed symmetrically about the median; if
subtracted from each observation, this would give the null expectation in the signed rank sum test. We can then take
the aforementioned test statistic T. as the number of positive values amongst the “pair means” of the data (the mean

of each pair of observations in the

Taking the total number of pair means in a population as 2n(n+1), we can take the median to be the midpoint of
these observations, and applying the large sample approximation stated above, we have the following equation:

We therefore exclude the integer value of the above equation from either end of the ranked observations.

EXAMPLE (2):

1 1
T, ——n'(n'+)(2n'+1)——
4 (n'+1)(2n'+1) 5

data).

%[n(n + 1)] - Zl—a/Z\/

Taking the same data as before:

Jn'(n'+1)(2n'+1)/24

n(n+1)(2n+1)

24

SUBJECT 1 2 3 4 5 6 7 8 9 10
PRE-DOSE 19 11 14 17 23 11 15 19 11 8
POST-DOSE 22 18 17 19 22 12 14 11 19 7
DIFF -3 -7 -3 -2 +1 -1 +1 48 -8 +1

Ranking the data differences gives us the following list:

-8, -7, -3, -3, -2,

-1, +1, +1, +1, +8

Taking the paired means as follows (55 observations = %2 x 10 x 11):

-8 -7 -3 -3 -2 -1 +1 +1 +1 +8
-8 -8.0 -7.5 -5.5 -5.5 -5.0 -4.5 -3.5 -3.5 -3.5 0
-7 -7.0 -5.0 -5.0 -4.5 -4.0 -3.0 -3.0 -3.0 +0.5
-3 -3.0 -3.0 -2.5 -2.0 -1.0 -1.0 -1.0 +2.5
-3 -3.0 -2.5 -2.0 -1.0 -1.0 -1.0 +2.5
-2 -2.0 -1.5 -0.5 -0.5 -0.5 +3.0
-1 -1.0 0 0 0 +3.5
+1 +1.0 +1.0 +1.0 +4.5
+1 +1.0 +1.0 +4.5
+1 +1.0 +4.5
+8 +8.0

Applying the signed rank sum equation, we get the following confidence interval:

o] 2

24

n(n+1)(2n+1)

275+£19.2
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Therefore, we take the 9" observation and the 47™ observation, which gives us a confidence interval
of (-4.5, 1)



PROGRAMMING
BINOMIAL METHOD (BIN_CI.SAS)
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The following code can be used in SAS to derive the confidence intervals using the Binomial method:

/*************************************************************************

** Macro nanme: BIN_Cl. sas
* %

** Variables : &DATASET - full dataset nane (including |ibnane)

*x &VAR - variable of interest

*x &ALPHA - confidence | evel (default=95)

*x &TRT - treatnent arm (nuneric) [optional]

* %

** Function : Provides confidence linmts about a nedian using the
*x Bi noni al approxi mati on (Conover 1980)

* %

** Qutputs : &LCLM - lower confidence limt of median Cl

*x &UCLM - upper confi

dence |imt of nedian Cl

* %
* %
* %
* %
* %
* %
* %
* %
* %
* %
* %
* %

*************************************************************************/

%racro bin_ci (dataset=,
al pha=95,
trt=,
var =) ;

/****************************

* Bring in non-mssing data *
****************************/
proc sort data=&DATASET out = setup;
% f &TRT>0 % hen %do;
where & AR ne . and trt=&TRT;
%end;
%l se %lo;
where &VAR ne .;
%end;
by &VAR;
run;

data setup;

set setup;
rank=_n_;
run;

proc sql noprint;
sel ect count (&VAR) into: nn
from set up;

quit;

/*************************************************************

* Create confidence interval based on Binonmi al approximtion *
*************************************************************/

data bin_out;
set setup;
al pha=1- ((100- &l pha)/ 200);
zst at =pr obi t (al pha);
val = ceil(zstat*sqrt(0.25*&nn));
call symput('low, (0.5*&nn - val))
call symput (' upp', (0.5*&8nn + val))
run;

data final;
set bin_out;

i f rank=& ow then call synput(“lclni,val ue);
i f rank=&upp then call synput(“uclni, val ue);

run;

%rend;
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SIGNED RANK SUM METHOD (WSRS_CI.SAS)
The following code can be used in SAS to derive the confidence intervals using the Signed Rank Sum method:

/*************************************************************************

** Macro nanme: WBRS Cl. sas o
* % * %
** Variables : &DATASET - full dataset nane (including |ibnane) *x
*x &VAR - variable of interest *x
*x &ALPHA - confidence | evel (default=95) * *
*x &TRT - treatnent arm (nuneric) [optional] *x
* % * %
** Function : Provides confidence |linmts about a nedian as described *x
*x in Armtage & Berry (4th Edition) *x
* % * %
** Qutputs : &LCLM - lower confidence limt of median Cl **
** &UCLM - upper confidence limt of median Cl *x

*************************************************************************/

%racro wsrs_ci (dataset =,
var =,
al pha=95,
trt=);

/****************************
* Bring in non-mssing data *
****************************/
dat a setup;

set &DATASET,

% f &TRT>0 % hen %lo;

where & AR ne . and trt=&TRT,

%end;
%l se %o,
where &VAR ne .;
%end;
run;

data setup;

set setup;
nvar=_n_; * Mapping variable for nerge later on;
run;

proc sql noprint;
sel ect count (&VAR) into: nn
from set up;

qui t;

/**************************************

* Qutput all variable data by subject *
* to create subject matrix *
**************************************/
data matrix (keep=trt sid &AR nvar);
set setup (drop=nvar);
do i=1 to &nn;
nvar =i ;
out put ;
end;
run;

proc sort data=matri x;
by nvar;
run;

proc transpose data=matrix out=matri x2;

by nvar;
var &VAR;
run;

proc sort data=setup;
by nvar;
run;
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/***************************************

* Keep relevant information from merge *
***************************************/
data allin (drop=nvar _nane_);
merge setup (keep=trt sid &VAR nvar)
matri x2;
by nvar;
run;

%racro convert;
[Rr KKK KKk kkkkkkkhkkkkkkhkkkhhkkkkhkh Kk kkk kK ok

* Create paired means and renove duplicates *
********************************************/
data allin2 (where=(nmissx ne .));
set allin;
% et n¥l;
%lo %hile(&mle &n);
col &re( &var +col &m/ 2;
% et nmr%eval (&mtl);
%end;
%et gq=1,
%o %hile (&g |l e &nn);
nm ssx=col &q;
if n_gt & then nm ssx=.;
out put ;
% et q=%val (&q+1);
%end;
run;

%rend convert;
9%convert;

title "Transposed output for Median Cls";
title2 "Armtage & Berry";

proc print data=allin2 ;

run;

/****************

* Calculate Cls *
****************/
data final;
set allin2;
al pha=1- ((100- &l pha)/ 200);
zst at =probi t (al pha);
wpl ow=1 + (int((&n*(&n+1)/4) - zstat*sqrt((&n*(&n+1)*(2*&nn+1))/24)));
if wolow le O then wpl ow=1;
wpupp=(&nn* (& n+1)/2) - wpl ow,
keep leg_sort treattxt nm ssx wpl ow wpupp;
run;

proc sort data=final;
by nmi ssx;
run;

title "Final output for nedian Cls";
proc print data=final;
run;

data conlim (keep=trt Iclmucln;
set final end=eof;
retain | clmuclm
if n_=wplow then call synput(“lclnf,nmssx);
if _n_=wpupp then call synput(“uclni, nm ssx);
if eof;

run;

%rend;
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CONCLUSION

We have examined two techniques for calculating confidence intervals about a median - the large sample Binomial
method (that can be extended to cover any quantile in a specific dataset); and the more robust Signed Rank method
that is structured towards the confidence interval about a median, but with greater precision and can be utilized by
large and small samples alike.

As with all statistical techniques, we need to examine the data being analysed before coming to a decision about the
methodological approach - the Binomial method is less user-intensive, but needs to be carefully considered with
smaller studies.
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