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Colored candies are easy-to-undaerstand tools
that can lilustrate Statistical Quality Control
principies. Each candy bag should have about
the same piece counts of each color as the other
pbags. A multinomial model is useful in
characterizing the color pisce counts of bags.

Proportion charis (p-charis) and count chars
{c/u charts) help assess the stability of the
process that fills bags for each color.
Maintaining separate p- or c/u-charts to monitor
each color, however, is cumbersome and costly.
A chart that monitors the colors jointly would be
more cost-effective and desirable,

The Chi-square (x2) control chant serves to
monitor several attributes simultaneously. The
%2 can test: (a) goodness-of-fit of probability
distributions; (b) homogeneity of propertions; and
{c) independence of two or more cross-classified
variables in contingency tables.

This paper will review the use of the %2 control
chart to check the stability of piece counts for
sach color from bag to bag. The chant has other
applications as well, such as monitoring defects
in manutacturing circuit boards.

King and Alexander (1934) examined the use of
Base SAS to produce %2 controf charts. It was
found that the FREQ procedure was unable to
output cell 2, so the DATA step was used
instead. This paper deals with the more
statistical aspects of %2 and describes how

SAS/QC® produces a x2 control chart with the
DATA step that provides the parameters for
PROC SHEWHART.

PURPOSE AND PROBLEM

The purpose of this papsr is to show the use of
the Chi-square (x2) control chart as a way of
monitoring processes like the bag-filling
operations of colorad candies. At SUGI 19 we
described the bag-filling process and expained
how control charts can be used to check the
stability of that process. A typical bag of colored
candies should have about the same proportional
count of pieces of six different colors. To find out
what the color distributions for colored candies
should be, contact the candy companies (s.g.,
Mars Inc., Hershey Foods Corporation, etc.).
Suppose the coiors in each bag are red, yellow,
green, orange, light (tan) and dark brown.
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Monitoring the process for each color requires six
separate control charts, filling walls with costly
paper. Others have used single-color pieces to
demonstrate statistical process control, e.g.,
Kohn and Dorner (1992), Kuliberg (1992), and
Wortham (1992). These examples focused on
one color and ignored the ather colors. The
motivation for considering the %2 control chart is
to form a composite chart that monitors all the
colors while preserving the information of these
colors. Ses Duncan (1950) and Marcucci (1985)
for more information. The %2 is an old statistical
tool used to test (a) gocdness-of-fit of probability
distributions, (b) homogenseity of proportions,
and, {(c) independence of {two or more)
cross-classified variables in contingency tablas.
Schlotzhauer {1991) described various %2
options within the SAS® System that could be
used to do goodness-of-iit testing. The same %2
used in the above instances can check the
stability of piece counts of all colors across bags
as they are filled. The %2 Control chart has other
applications such as monitosing many types of
defects during placement of components on
complex products like printed circuit boards
(PCBs) or printed wiring assembiias {PWAS);
mounting MicroElectronics Devices (MEDs) on
substrates; and comparing Pareto analyses of
the same categories taken over different periods.

PROPOSED METHOD: THE
MULTINOMIAL MODEL

Figure 1 depicts the colored candies bag-
filling oparation.

Figure 1

Bag Filling Operation
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Empty bags move along a conveyor and stop at a
bag filling station. Colored pieces fill bins for each
color. Machines weigh, measure, and fill the bags
with colored pieces. Operators or machines pul COLOR

samples of bags, count the pieces, then enter or AG 1 2 3 4 5 L] SUM
plot the data onto control charts. Usually, the P11 P12 P13 P14 Pi5 P16 P+

Table 2. (S x C) Response Profile of Color
Categories of Proporions

1

B
sample consists of 20-30 bags according to 2 P21 P22 P23 P24 P25 P26 P2
1

some continuous sampling plan. Bags showing
statistical control on the charts mean the color
counts and color mix are stable. These bags may
be sealed, packed, and shipped to stores for
- gsale. Charts that lack statistical control mean
that some bags may be under or over filled. An
investigation should be made to find, fix, or
correct the assignable cause(s), e.9., bins empty
of pieces, machines needing recalibration, fixture
setups, etc. .

Let j=1,2,3,4,5,6 indox the set of red, yollow,
green, orange, tan, and brown color categories
of pieces, respectively. The six colors
correspond 1o the Cw=6 response profiles
associated with the specific characteristics of
interest. Similarly, let i=1,2,..., 5=20-30 index the
set of subpapulations (or subgroups) defined with
pertinent independent variables. In other words,
s is the sample of colored candy bags filled. The
subpopulation s could aiso represent placed
components on substrates or the number of

[ A R T T S
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s Ps1 Ps2 Ps3 Ps4 Ps5 Psé Ps+
SUM P P2 P3 P4 P5 [+ 1.0

The null hypothesis of the x2 test of
homogenaity is:

Ho:p1i=p2i=... -psillpi whare

[ s C
Pj= Znjj/ (Z Znij) = n+j/ne+
i=1 i=1 =1
in other words, the xiz checks if each bag i has

the same color proportion pj of piecas. The
Pearson's ;2 is computed as:

Pit P2 P38 P14 Pi5 P8 P

periods that the same categories are compared. ¢

Finally, let nj,. denote total number of colored

candies in each bag i (i=1,2,....s), where 5l = Y, [(nij - ni+*pj)? / (ni+”pj)]
1

My = Mg + “E fl"isb+nié +Mis +Mg, and M} = no. of .

P of color jin bag . N = observed jth-color count in bag where i =

The resulting data can be summarized in Table 1,2,..., s; and Pj = proportion of the jth-color. 2%

X has 6-1=5 degrees of freadom and approximates

. reasonably well so long as nj,."pj is not very small
Table 1. (S x C ) Response Profile of Color ; ;
Categories of Counts {i.e., 2 5). i contingency tab!a.ﬂ-nava empty cells

or small expected cell frequenciss (i.e., < 5), then

COLOR computing exact probabilities is an alternative

BAG 1 3 4 approach fo testing homaogeneity of proportions.

2 S 6 SUM Fishers exact test is a methad of computing

nig N2 M3 N4 M35 Mg 044 exact cell probabilities and more extreme-than-

n21 Nz N3 N24 n25 ngg N2y observed celis for given contingency tables. The

] ]} ) ] i} [ g method takes changing values of cell

nif ni2 N3 M™M4 N5 NE  Nis frequencies to produce distinct exact

il il L Il [l il i probabilities for fixed marginal color tatals and

n n f n n n bag counts. The size of the summed exact

st Ns2 MNs3 Nsd Ns§ NsB Nsi  probabilities determines the acceptance or

M et m2 N3 M4 045 Ny N tejection of the homogeneous proporions’

hypothesis. Fishar's exact test typically is used

with 2X2 contingency tables. Ghent (1972) and

Mehta and Patel (1983) described methods

extending Fisher's exact test beyond just 2X2

contingency tables. Although their approaches

involved extensive calculation, tools within the

SAS system facilitate these computations, More

could be said about computing exact probabilities

of contingency tables. These issues are beyond

the scope of this presentation, but are discussed
by Mehta (1994).

8‘0€="‘€=N—‘

The counts (“;j's) of Table 1 can be also
represented as proportions Pjj, where Pj denotes
the expected proportion for bag i having color j
and is represented by Table 2:
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The control limits for Xi?‘ can be set to warning
limits (2-sigma) instead of the customary 3-sigma
limits. Warning limits increase the sensitivity of
control charts and signal early detection ol
suspicious procasses if they do not parform
properly. The warning control limits {denoted with
the lowaer-left subscript w) for the xiz are:

wUCLy2 =2 (1-0/2,5d9
CLy? =32 (05,54
wlCLy2 =x2 (a/2, 5d1).

where o = 0.05 for 2-sigma warning limits,

The out of control criteria are :

Any two of three consecutive

%52 <22 @/2,5dhor

%2 >%2 (1-ce/2, 54 signals bag i was overfilled
or underiilied of one or more colors. Usually more
concern is given 1o points above tha upper
control limits than to points below the lowsr
control limits. Points below the lower control limit
tend 1o show more uniformity than expacied
because all colors are equally present in each
bag. This means that: :
the Pj's = 1/6 (j=1,2,....6) and xiz = (. LookKing

for the largest or smallest color csll xijz

contribution tells the analyst, process engineer,
or operator which jth-color count (proportion)
differed from the expected. Nelson (1982)
discusses this procedure in more detail,

King and Alexander (1994) showed color data
and Chi-square control limit calculations of a
sample of 20 colored candy bags. Besides
monitoring all cclors simultaneously, preserving
the sequential order of production is another

advantage of the xiz control chart. It allows the

analyst, engineer, or operator to study runs,
trends, and other patterns that might arise in the
pracess. For more information, see Monigomery
(1991) and Nelson (1987).

OTHER USES

Other extensions of the %;2 control chart

include comparing different Pareto analyses that
have similar attribute categories. Kenett (1991)
pives a good discussion of how the Chi-square
compares Pareto analyses. His x2 method may
be used to monitor categories of ditferent product
{whether they are candy bags, PCBs, or PWAs,
ete.) that may span across various machines,
operators, or inspectors. This tool helps
technical trainers focus training efforts so those
defect occurrences (or recurrences) in
manufactured product can be reduced.
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THE PROGRAM

Woe created chi-square (x2 ) control charts in
SAS/QC ®Busing then bags’ data as follows:

Croeate two data sets:

» Tocalculate y2 values far each bag
across the color vectors.

*  To cakulate the x2 control fimit
parameters that will be used to
construct the control chart using the
SHEWHART procedure.

PROC SHEWHART has options to reproduce the
%2 control charts we made using Base SAS. The
first data set can be created using the SUMMARY
procedure . The code was supplied in King and
Alexander (1994).

The output of the SUMMARY procedure was the
x% values for the individual bags. These values
would be combined with xz control limits
(CTRLLIMS) to form another data set that would
construct a control chart using thea PLOT or
GPLOT procadures (in Base SAS® and

SAS/GRAPH®, respectively) or the SHEWHART
procedure {SAS/QC) for the second data set.

When using the SHEWHART procedure, two data
sets are needed:

= A data set that will be used with the LIMITS=
option that contains the control limits
parametars. Let's call this data set
CHPARMS. I has the following variables:

_VAR_ - the name of the procass variable,

e.g., BAGCHI2 (bags' 12 variable).
_SUBGRP_ - subgroup variable by bag, e.g.,
BAGID.

_SIGMAS_ - the multipie of the standard emor
of the moving average or EWMA. For
waming limits, _SIGMAS_=2.

_MEAN_ - the process level or mean. In the
case of the xZ2 control chan,
_MEAN_=CINV(0.5,5). CINV is the SAS
System's inverse chi-square function.
With these arguments it calculates the
chi-square value associated with a
probability of .S (50%) and 5 degrees of
freedom,

_STDDEV_ - the process level/mean standard
deviation, According 1o standard
control charting eonventions, if we let:
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_UCLL = wUCLy? =Cly? +20bethe 97.5
percentile,

_LCLL . ylCLy2 =CLy?2 <20 bathe 25
percantile,

and
CLy? is the process center. Then
Cly? = CINV(0.5.5),

_UCLI_ o wUCLy2 = CINV(.9755),

‘and
_LCLL = wlLCL;? =CINV(0.0255).

Therefore, _STDDEV_ is not really nacessary
since the standard deviation is contained in the
upper and lower control limits when the CINV
function was used. SHEWHART uses
_STDDEV_ to draw the control limits for the
moving range (_R_). The variables _STDDEV_,
_R_,_LCLR ,and _UCLR_ are required by
SHEWHART to produce the Chi-square values
for individuals and moving range charts,
However, only the individuals chart for the Chi-
square will be kept, and the moving range chart
omitted. The NOCHART2 option supprosses
display of the moving range chart. The DATA
step below creates the LIMITS= option data set
(CHPARMS). The LIMITS= and READLIMITS
statements specifiy that the control limits are 10
be read rather than computed:

data chparms;:

set ctrllims;

length _var_ _subgrp_ _type_ 3§ 8
_index_ 5 16;
_var_ = 'bagchi2*;
_subgrp_ = ‘bagid';
_Sigmas_ = 27
_type_ ='standard!';
_stddev_ = (cinv(.975,5)-cinv(.025,5))/2;

I = _stddev_ * 1.128;
delxr. =0;
Juel_ = ¢ * 3.267;

run;

title *Chi Square Contrel Chart:

SHEWHART Procedure?;

proc shewhart data=bagchi2

limits=chparms graphics;
irchart bagchli2*bagid /

cuttable=outtbl readlimits

skiplables=3 nochart2;

run;
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RESULTS

We wets able to get the consistent results
obtained by King and Alexander (1994). Figure 2
preduced when we definad standard deviation
like this:

_stddev_ = (cinv{.975,5)-cinv(.025,5))/2;

Figure 2

Cnl Souare Control Chart: SHEWHART Preamers
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CONCLUSIONS

The Chi-square control chart presented earlier is
versatile, well known (to some extent), and useful
for quality control practitioners. By combining the
Chi-square with the SAS System, we hope to
make this tool applicable, accessible, and
palatable (smile)l
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